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General relativity under the assumption of noncommuting components of the tetrad field is con- 
sidered in this paper. Since the algebraic properties of the tetrad field representing the gravitational 
field are assumed to correspond to the noncommutativity algebra of the coordinates in the canonical 
case of noncommutative geometry, this idea is closely related to noncommutative geometry as well 
as to canonical quantization of gravity. According to this presupposition generalized field equa- 
tions for general relativity are derived which are obtained by replacing the usual tetrad field by the 
tetrad field operator within the actions and then building expectation values of the corresponding 
field equations between coherent states. These coherent states refer to creation and annihilation 
operators created from the components of the tetrad field operator. In this sense the obtained the- 
("^ , ory could be regarded as a kind of semiclassical approximation of a complete quantum description 

O^ ■ of gravity. The consideration presupposes a special choice of the tensor determining the algebra 

providing a division of space-time into two two-dimensional planes. 

o 
O 

C^l ■ I. INTRODUCTION 

The unification of quantum theory and general relativity is perhaps the most important question in contemporary 
fundamental physics. One very important approach concerning a quantum theoretical description of general rela- 
Mh' tivity is the canonical quantization of the gravitational field. In particular, the special manifestation given byJ_oo 
Ih quantum gravity [l|,[3| based on the new variables to describe the gravitational field introduced by Ashtekar 

is considered as a very promising candidate for a quantum description of the gravitational field. Noncommutative 
geometry represents another very promising concept towards a quantum theory of gravity. In [5] has been shown how 

CN ' to maintain gauge invariance in the context of noncommutative geometry, if the usual approach to noncommutative 
geometry with the star product is presupposed. Various quantum field theories have been formulated by using the 
star product p-[3l|. Also general relativity and modified gravity theories on noncommutative space-time p32H74| as 

(^ ^ well as aspects of cosmology in the context of noncommutative geometr y l75|-[ 78l have been considered. The relation 
of noncommutative geometry and quantum gravity has been treated in |79l490l | . 

I , In this paper a kind of combination of quantum gravity and noncommutative geometry is suggested. General 

f-^ ■ relativity is explored under the assumption that the components of the gravitational field, or the tetrad field to be 
more specific, fulfil commutation relations which correspond to the algebra of the canonical case of noncommutative 
geometry which usually refers to the space-time coordinates. The relation to canonical quantum gravity consists in 
the postulated canonical commutation relations for the gravitational field in the sense of a field quantization and 
the relation to noncommutative geometry consists in the special form of the commutation relations corresponding 

J^ to the canonical case of noncommutative geometry, since in the approach of this paper the commutation relations 

J-j I of noncommutative geometry are transferred from the coordinates to the components of the tetrad field. Quantum 
. - - 1 field theory on noncommutative space-time in the sense of noncommuting space-time coordinates is usually treated 
by using the star product approach which is based on Weyl quantization and maps products of fields depending on 
noncommuting coordinates to products of fields depending on usual coordinates. Of course, this approach cannot 
be used with respect to the noncommutativity of the gravitational field considered in this paper, since here the 
components of a field itself do not commute with each other. This is in contrast to the usual formulation of quantum 
field theories on noncommutative spacetime, where the components of the coordinates fulfil nontrivial commutation 
relations. However, there exists another important approach to treat noncommutative geometry which is called the 
coherent state approach, because there are defined coherent states which refer to creation and annihilation operators 
obtained from linear combinations of the noncommuting quantities, namely the components of the position vector in 
case of usual noncommutative geometry. In this approach the generalized quantities depending on the noncommuting 
coordinates are mapped to generalized quantities depending on usual coordinates by buildin g ex pectation values 
between such coherent states. The coherent state approach has been developed in [9l| , [Q^l , [9J| where has been 
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calculated an extended expression for plane waves depending on noncommuting coordinates. In [9J] the coherent 
state approach has been extended to the case of noncommuting coordinates and momenta and an extended expression 
for plane waves has also been determined, and using this expression the corresponding generalization of quantum 
field theory has finally been considered and derived a propagator. Also thermodynamics has been treated within 
the coherent state approach to noncommutative geometry j35]. In contrast to the star product the treatment of 
noncommutative geometry within the coherent state approach can be transferred to the case of noncommuting fields 
and especially to the case of noncommuting components of the tetrad field as they are treated in this paper. 

The structure of this paper is as follows: A short review of the coherent state approach to noncommutative geometry 
with respect to the usual case of noncommuting coordinates is given at the beginning. Then the noncommutativity 
algebra of the tetrad field is provided. To enable the application of the coherent state approach to noncommuting 
components of the tetrad field it is inevitable to use a special form of the tensor defining the noncommutativity 
which implies a foliation of space-time into a couple of two-dimensional submanifolds. Based on this algebra linear 
combinations of components of the tetrad field which behave like creation and annihilation operators are defined and 
with respect to them coherent states referring indirectly to the tetrad field can be introduced . According to the 
considerations mentioned above expressions depending on the noncommuting gravitational field will be mapped to 
expressions depending on the usual commuting gravitational field by building expectation values between coherent 
states referring to the gravitational field. As a first application of the developed concept, besides the expectation 
value of the resulting metric operator and the tetrad field operator which is equal to the usual tetrad field itself, the 
expectation value of the volume element with respect to the coherent states is calculated. Using these concepts the 
generalized field equation for a matter field coupled to the gravitational field and the generalized Einstein field equation 
are subsequently calculated, which are obtained by replacing the usual tetrad field by the tetrad field operator obeying 
the noncommutativity algebra within the corresponding actions, varying the actions with respect to the tetrad field 
operator and then building the expectation value between coherent states. A calculation to the third order in an 
expansion of the tetrad field around the Kronecker symbol corresponding to the Minkowski metric in both cases is 
performed, because this is the lowest order leading to a deformation of the Einstein field equation of the gravitational 
field. This generalized description of the dynamics of the gravitational field according to general relativity with the 
noncommutative tetrad field can be considered as a special kind of a semiclassical description of general relativity. 

II. REVIEW OF THE COHERENT STATE APPROACH TO NONCOMMUTATIVE GEOMETRY 

In the coherent state approach to noncommutative geometry a canonical algebra between the coordinates is assumed 
which reads as follows: 

[x'',x'']^iQ>"', /i,zy = l, ...,£», (1) 

where [A, B] — AB — BA and Q^'^ is of the following special shape: 

e^'' = diag(ei,e2,...,e^/2), (2) 

where the 9^ are defined as 

^^={\ o)' ^^^^■■■^d^D/2. (3) 

This means that space-time is divided into two-dimensional submanifolds by the noncommutativity tensor. If the 
components of the space-time coordinate are denoted as follows: 

x>^ = {x\x\...,x^''-\x^''), (4) 

then because of ^ it holds for the components of x^^ 

[x^'-^,x^'] =ie^, i = l,...,d. (5) 

Creation and annihilation operators can now be defined according to 
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aj = 



m, 



{x2i-i - ix2i) , i = l,...,d, 



(6) 



which fulfil the algebra 



at, a] 



— ^ijj *: J — i, ..., d, 



(7) 



where Sij denotes the Kronecker symbol. Accordingly d pairs of creation and annihilation operators arc defined which 
are constructed by the d = D/2 pairs of coordinates referring to the d two-dimensional submanifolds defined by ([5|). 
With respect to ([7]) coherent states can be defined according to 



a) = J|exp ( -- ^ j exp [atajj |0) = J|exp 



E 

n=0 



a- a. 



t" 



|0) = nexp 



^^K), (8) 



n=0 



where a^ and a* describe the corresponding eigenvalues to the operators di and d]^, the \nai) describe the eigenstates 
of the occupation number operator ajai and |0) denotes the vacuum state. For the coherent states ^ hold eigenvalue 
equations which read 



Gi a) 



Qi a) 



{aa 
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By using these coherent states an expectation value of any function /(x) depending on the noncommuting coordinates 
can be defined according to 



(/(^)) = {a\f{xi,X2, ...,X2d-i,X2d)\a} = {a\f {di,d\, ..., dd, d|j)|a) = i^(ai, a*..., a^, a^) = F{x), 



(10) 



where F{x) is a new function depending on the usual coordinates Xi given by the expectation value of the corresponding 
operators: Xi = {a\xi\a). This means that it is possible to map arbitrary functions depending on noncommutative 
coordinates to functions (with additional terms) depending on usual coordinates by using the coherent states and in 
this sense the coherent states provide an alternative procedure besides the star product to map products of functions 
on noncommutative space-time to expressions with additional terms on usual space-time. The coherent state approach 
has been developed in [91|,[93,[93 and extended in [9J],[93. If one refers to the usual case of a (3-|-l)-dimensional 
space-time, one has to choose d = 2 which means that space-time is divided into two two-dimensional submanifolds. 
In the next section an analogue noncommutativity algebra for the tetrad field will be introduced and after this the 
coherent state approach presented in this section will be transferred to this case of noncommuting tetrad fields. 

III. NONCOMMUTATIVITY ALGEBRA FOR THE TETRAD FIELD OPERATOR 

As a basic assumption there is postulated that the components of the tetrad field describing the gravitational field 
become operators, 






(11) 



which fulfil the following fundamental canonical noncommutativity algebra: 



,(x),e:;(j/)]=zA'-<5,„„<5(:E-2/), 



(12) 



where A^^" denotes the antisymmetric tensor describing the noncommutativity of the tetrad field and S{x — y) denotes 
the delta function. This kind of quantization of the tetrad field is related to the canonical case of noncommutativity 
relations between coordinates on the one hand and to the canonical quantization of a local field theory on the other 
hand, what becomes manifest with respect to the delta function on the left hand side of the commutation relation 
or quantization condition (J12p . In this sense it represents a combination of noncommutative geometry and a certain 



kind of quantization of the gravitational field in the sense of a field quantization. The relation between quantum 
mechanics and noncommutative geometry is analogue to the relation between canonical quantum gravity and the 
above way of a quantum theoretical treatment of the tetrad field. In noncommutative geometry the commutation 



relation between position and momentum, 



^Pj\ 



= iS] 



is transferred to the several components of position and 
leads to commutation relations between them: [x'^,x'^] = iO^'^ . And in the theory based on the algebra ([T2|) the 
idea of a canonical quantization between a quantity describing the gravitational field (metric, tetrad or connection) 
and its canonical conjugated momentum, [h°'^{x),pcd{y)\ = f {^t^\ + ^^c^'d) ^{^ ~ v) ^'^ quantum geometrodynamics 
for example where hab describes the three metric and p'^'^ its canonical conjugated momentum, is transferred to the 
several components of the quantity describing the gravitational field, the tetrad field in the consideration of this paper, 
leading accordingly to canonical commutation relations between them. In subsequent sections it will become necessary 
to perform a series expansion of the gravitational field. To perform a series expansion the tetrad field operator e^ 
can be expressed as the sum of the Kronecker symbol 6^^ and an operator /i^^ representing a quantum version of a 
small fluctuation of the gravitational field around flat space-time. 
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where /ijjj fulfils the same algebra as e(^. 



[e^f,ix),eUy)]^^A'^''S^rA^-y) 



^ 



^ [<i,<5,':i] = o 



<l,K(a;) + h>;,ix),6';,l 



,5f„l + /it^(x), 5:^1 + K(y) = lA'^'^SmnSix - y) 



= 



/i^(x),K(2/) ^iA^''6,nnSix-y). 



(14) 



This expansion will become important concerning the calculation of the generalized field equations below. In this 
paper will be treated the usual case of a (3-|-l)-dimensional Minkowski space-time. To be able to define coherent states 
for the tetrad field operator e{^ it is of course necessary to divide the space-time manifold into two two-dimensional 
submanifolds by defining the following special shape for the noncommutativity tensor A^'^ in (|12p according to the 
consideration of the last section: 



A"-" = 



/ \a 0' 

-Aa 

Ab 

V -Ab 0, 



(15) 



To maintain Lorentz invariance there has to be chosen: Aa = Afc = A. This condition of Lorentz invariance can 
only be fulfilled, since A^'' is a tensor rather than a constant matrix. The definition ([T5|) then implies the following 
commutation relations between the components of the tetrad field being analogue to ([5]): 



[elnix),el{y)] = i\5„,rid{x - y) 



Ax),el{y)] =i\S„inS{x-y). 



(16) 



IV. DEFINITION OF COHERENT STATES CONCERNING THE GRAVITATIONAL FIELD 



In this section there will now be defined coherent states with respect to operators which are constructed from the 
components of the tetrad field operator e{^ fulfilling the special manifestation of the algebra ([T2|) induced by ([T5|) and 
leading to p^ . There can be followed exactly the formalism developed with respect to noncommutative coordinates 
transferred to the tetrad field for the special case of a (3+l)-dimcnsional Minkowski space-time. Accordingly there 
can be defined the following operators: 
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bl = 
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fulfilling the commutation relations 



[am{x),ai{y)] =6mnS{x-y) , bm{x),b'l{y) = 5„„(5(x - y), 



(18) 



and thus behave as creation and annihilation operators. Since in the special case oi d — D/2 = 2 only two pairs of 
creation and annihilation operators arise, they are denoted with am,aL ^^^ ^nn &L instead of distinguishing them by 
an index. The components of the tetrad field operator e(^ can be expressed by the operators ([T7| as follows: 



e;, = A/ 2 («™ + aL) 



2 (&m+&t 






'i\l -^ {a 



m u-m ) , 



eL = -i\l - I 6m - 6j„ 



To simplify the notation the quantities E^^ and E^ are defined according to 
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which fulfil the commutation relation 



(19) 
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mx),KHy)\ ^zT^''SrnnSix-y), 
where the tensor F'"^ has been introduced which is defined as 



(21) 



pA"^ — _ 



'-i 1 
A ( -1 -i 



2 I -i 1 
0-1 -V 

The tetrad field operator e^^ can now be expressed by using the definition (|20p . 



(22) 



et^=A'^,+^,f^t. (23) 

Accordingly the usual tetrad field is related to the field E!^ and its complex conjugated field E!^ according to 






(24) 



If there are defined coherent states within the Hilbert spaces "Ha and 'Hh in which the operators am,a|„ respectively 
bm,bln act and which represent eigenstates of a™ and bm as ket-vectors and eigenstates of a}^ and b}^ as bra- vectors, 
these states of course also represent eigenstates of the operator E^ and its hermitian adjoint E^ . The coherent states 
which depend of course on the space-time point, since they refer to field operators, are defined according to 



\amix)) = exp 
\b„iix)) = exp 



\am{x)\'^ 
2 

\bm{x)\^ 



exp [a,n{x)a''„^{x)] |0) = exp 
b,nix)bl-^{x) |0) =exp 



\am{x)\'" 



exp 



2 

\bmix)\ 



E 



[am{x)] 
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l'^a„(a;)), 



r^—\^b,„[x)}, 



ra=0 



(25) 



where \na^{x)) — '- "'^-j- |0) and \ni,^{x)) = '- '"^-j- |0) are the eigenstates with respect to the occupation number 
operators al^{x)am{x) and bl^{x)bm{x) meaning that 



ll^{x)am{x)\na^{x)) = na,^{x)\na^{x)) , bl^{x)bm{x)\nb^^{x)) ^nb^{x)\nb^{x)), 



(26) 



where na^{x) and nb^{x) describe the corresponding eigenvahies of the occupation number operators. The coherent 
states (PSJ) fulfil the following eigenvalue equations: 



a„i{x)\ajn{x)) ^ a„i{x)\ajn{x)) , &„j(a;)|6„(a;)) = &„(a;)|6„(x)), 
{a„iix)\al^{x) = (a™ (a;) I a;;, (a;) , {b„,{x)\bl^{x) = {bm{x)\b*^{x), 



(27) 



where a, a*, b, b* are the corresponding eigenvalues to the operators a, a\ b, 5^. By building the tensor product of 
the several Minkowski components of the eigenstates \am) and \bm) respectively, 



1^) = Yl \a„,) , |S> = n 1^" 



m— 1 



and then building the tensor product of \A) and |_S), 



(28) 



\^)^\A)0\B)= Yl \a^)<S>Y[\bn), 

771—1 n— 1 

one obtains a state |^) being an eigenstate of ah components of E!^ meaning that 
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i?^(a;)|^(x)) = J- am{x),-iam{x),bjn{x),-ibm{x)\Y\_Wn{x))(E)\bn(x)) 



n=l 

4 



[a^{x),-ia,n(x),b,n{x),-ib^(x)] J| |a„(a;)) (g) \bn{x)) = ^^(x)|*(a;)), 



n=l 



{^{x)\Ei:^{x) = l[{a^{x)\^{b„{x)\J- al{x),ial{x):bl{x),ibUx) 



n=l 
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n=l 



[];(a„(a;)| {bn{x)\J - [a*„,ix),ia*„,ix),b:,,{x),ib*„,{x)] = (*(x)|£^*(a;). 



(30) 



This means that an expectation value can be defined for the tetrad field operator el^ and for all quantities depending 
on the tetrad field operator e^ by expressing the tetrad field operator e!^ through E^^ and its hermitian adjoint E^ 
and then building expectation values with respect to |^). Of course |^) has to obey the normalization condition 
(^1^) = 1. According to ([T3|) and (|14p the operator i?^ can analogously be introduced which is related to /i{^ as E/^ 
is related to el^ according to 



ht = Hit + Hit^ 



m ' 771 ") 



(31) 



fulfilling the same commutation relation as E"^ given in ([21 



H^,{x),H'^\v) ^iT^''5„,J{x-y). 



(32) 



corresponding eigenstates |<I>) can be defined which correspond to the eigenstates |^) of i?^^ for which hold the relations 
being analogue to (PO)) . 



H>:^\<^) ^ H^\^) , ($|Hf„t ^ ($|4m*. 
The eigenstates |<i>) of course have also to obey the normalization condition (<&!$) = 1. 



(33) 



V. CONSTRUCTION OF EXPECTATION VALUES WITH RESPECT TO COHERENT STATES 

An expectation value of any function of the tetrad field operator /(e^) can be defined with respect to a coherent 
state analogue to ([ro]) by expressing the tetrad field operator e^j through the field operator E^^ and its hermitian 
adjoint operator E!^ , 

(/(e^)> = (*l/(e^)l*> = (*|/(^^,4';t)|*> =^(i?^,i?^*) =^(e^), (34) 

where F{e!^) describes a new function depending on the usual tetrad field and generally containing additional terms. 
If the function /(e^) — f{E^, E^) depends linear on the tetrad field operator e^, then the operators E^ and E^ 
can directly be applied to |^) and the expectation value of the function depending on the tetrad field operator e^ 
yields the function depending on the usual tetrad field e!^ as will be shown below using the example of the expectation 
value of the single tetrad field operator e^ yielding the usual tetrad field e^ itself. If /(e^) — /(£^^' ^m) contains 
products of the tetrad field operator e^ and thus products of the operators i?^ and E!^ , then the products have to be 
permuted in such a way that all factors E^ are to the left of the factors E^. This can of course be performed by using 
the commutation relation (1211) being a direct consequence of (J12p . Since there are usually just considered pointwise 
products of fields, the delta function within the commutator does not appear explicitly within the calculations. Then 
the eigenvalue equations (j30]) as well as the equation (j24p can be used to reexpress the obtained expression in terms 
of the eigenvalues E!^ and -E^* belonging to the operator E^ and its hermitian adjoint Elj:^ respectively by the usual 
tetrad field e^. In this way the explicit expression of the expectation value p4l) can be calculated which yields to 
every function depending on the tetrad field which is converted to a function depending on the tetrad field operator a 
generalized function which depends on the usual tetrad field again. The idea is now to obtain a generalization of the 
dynamics of the gravitational field according to general relativity by using expectation values of the corresponding 
expressions describing the dynamics of general relativity and depending on the tetrad field operator fulfilling the 
noncommutativity algebra (IT^ . This means that the extended description of general relativity according to the 
approach of this paper is obtained by two steps: First within the usual quantities depending on the tetrad field the 
usual tetrad field e^ is replaced by the tetrad field operator e^ defined according to (fT2|) . 

/(e^J ^ /(e^), (35) 

and after this the expectation value between coherent states is built according to ([M|) . Before approaching the 
generalized description of the dynamics of general relativity as it will be done in the next two sections there shall first 
be given some examples as a kind of preparation in this section. As already mentioned above the expectation value 
for the tetrad field itself corresponds to the usual tetrad field e^ 



■^m' 



vl/|ej^j*) = (v|/| (e^^^^ + EUn I*) - (*l {EH. + E^:) I*) = E^, + E^ = <. (36) 



In ([36|l have been used ([23]) . (f24|) . (|30|) and of course the normalization condition (^|$) = 1. If the expectation value 
of the metric field operator g^'^ being related to the tetrad field operator e^ according to g'^'^ = e^^ej^ry™", where 
^mn _ ^[g^g (^i^ _i^ _i^ _i^ denotes the Minkowski metric, is considered, the situation becomes already a little bit 
more complicated. After replacing the tetrad field operator e^ by using equation (j23p one permutation has to be 
performed and accordingly one obtains an additional constant term. 



= (* 
= (* 

= (* 

= (* 
= (* 



,g^n*> = (vl'lry-e^.e;;!*) = (*!,,"- ( i?,^\ + A'^^M [K + KA I*) 



™" ' EiiJ: + EtK'^ + m^K + &Jk^ m 









Eii,^E: + E!;^K^)\^) 

(ex + K^E^^rr + E'^.iK + K.^A':^ + *r'-<5,„„) I*) 

ry™" (i^^K + SrS^ + E^E^, + E^^ E^* + .r^-5„„) \^) 



77™" 



As a more complicated example this procedure of obtaining generalized functions depending on the usual tetrad field 
by building of an expectation value of the usual function converted to a function depending on the tetrad field operator 
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shall be applied to the volume element. Replacing the tetrad field e^ by the tetrad field operator e{^, building the 
expectation value and expressing the tetrad field operator e{^ by the operator E^ leads to the following expression: 

d'^x {^\e'^'^%.,„ [Eii + Ei^^) (eI + El^) (ep + 4^t) (^^^ + ^^-t) |^) 

d^x me'''''%.pa [KKE'cK + KKKE^d^ + KKE'JK + KEl^EPEl 

K^EIEPE^^ + E^E'^EPjEl^ + E^E^^ E^El^ + EJ^E'^^EpJE^ 

E^^E^.E^Ef + E^^E^.EPjE^^ + E^,^ E^^ E^E'^, + Ej^E^EP^E^J 

Ej^^E^,EP^E^J + Eii^ El^ E'^E^,^ + E^J E^^ E^^ E", + E^^ El^ E^^ E^^) \^) , (38) 



where has been used that the determinant of the tetrad field operator can be expressed as follows: det [e{^] = 
ga6cdg^^^^*/i-|y-pgt7^ where t^^pcr denotes the total antisymmetric tensor in four dimensions. Permutation of the 
operator E!^ and the operator E!^ by using (|2ip leads to 

{V) = j d^x me'^^'^'^e,,,, {E^^KE'cE^d + K^E'^E'^dE'c + iT^^^^adKH + lE^a-^"^ SmK 

+iKElT'>"5,d + EpJKKK + iT^'SacKE^d + ^E^T^'5,,E'^^ 

+El^E^EPE^^ + iT^^''5a,HK + EH^E^EPj^ + EfE^JSl^E^ 

+iE^jE^T''PStc - TP^SadT^PSbc + iT^PSacK^El - T^^P5acT^"5M 

+iEpJEI!^T'"'5m + iEPjK^P'^Sad + El^E'^^^E^EP + iEI^TP'^ SadH 

+iEl^EPVP''5,d + iTP'^dabE'^^^EP - TP''5abT'"'5,d + E^^^EP^E^E^ 

+iEl^TPP5acK + iTP^SabEPjE^ + E^^^E^Je^EP + iEP^E^TP'^S.d 

+iEP^r'^'^SMEP + E^^EPjE'^E^ + lEP^T^PSbcE'^^ + E^^E'^^EpJ^ 

+E;^^EpJE^^EP + iTP-5abEP'^E"J + lE^^^TPPSacE^^ + lE^^ EpJtp'^ 5ad 

+EP^EPjEl^El + iEP^V'PSbcEl^ + iE^^ EpJT'"' 5m + E^^ E^^ E^^ EP 

MEP^&,^TP^5,d + EP^El^EPjE'^, + E^^ El^ EP^ E^A \^) (39) 



and applying the operators to the coherent states by using pop and then reexpressing the obtained expression de- 
pending on the eigenvalues E!^ and i5^* by the tetrad field e^ by using (|24|) finally leads to 

{V) = j d^x [det (e^) + e'^'^^.p, {-TP'^SadT^'PSM - TPPSacT^'^Shd - TP'^SabTP'^Scd 

+iTP-6cdEPE^ + iTP-ScdEPEr + irP''S,dEP*E^ + iVP'^ S^E^* E^* 
+iT''^5mEPEP + iT^'^SmEPEP* + iT''^SmEP*EP + iT^'^SmEP* EP* 
+tT''PSbcEPE2 + iV'P&bcEPET + tT''P6bcEP*E2 + iV p 6bcEP* E^ 
+iTP^5adElEP + iTP'^dadE^EP* + .T^'^SadErEP + tTP'^SadE^EP* 
+iTPP5acE^E^ + tTPPSacE^Er + tTPPSacErE^ + iTPPSacErE^ 
+tTP''SabEPE^ + iVP-'SabEPEr + irP''SabEP*E^ + tTP-'SabErE^*)] 

= J d^x [det (ej;j + e^'^^e^.p, (iVP^ i^e^^el + ir-^^^^e^e^ + iV"" p hce'^^el + iVP^ i^d^eP^ 

MVPPSacele'^d + ^T'^^SabeP^e^d " T'^'' SadT'^'kc - TPPSac^^ 5bd - VP'^SabVP'' 5^)] ■ (40) 

Thus the expectation value of the volume element operator contains many additional terms which now also depend 
on the tetrad field e^. In the next two sections this procedure to obtain generalized classical expressions for the 
generalized quantities of general relativity formulated in terms of the tetrad field operator eP^ will be used to obtain 
generalized dynamics of general relativity. 



VI. GENERALIZED FIELD EQUATION FOR MATTER COUPLED TO GRAVITY 

The effective field equations of matter fields as well as the gravitational field respectively in the extended description 
of general relativity with components of the tetrad field which do not commute are according to the considerations of 
the last section obtained by replacing the usual tetrad field e^ by the tetrad field operator e^ within the corresponding 
action, then varying the action with respect to the tetrad field operator and finally building the expectation value of 
the resulting field equation containing the tetrad field operator. Varying the action with the usual tetrad field replaced 
by the tetrad field operator yields of course the usual field equation with the tetrad field replaced by the tetrad field 
operator. The expectation value has then to be built according to p4l) and yields the generalized field equation. 
However, building the expectation value of the action with the usual tetrad field replaced by tetrad field operator 
and then varying the resulting action which depends again on the tetrad field would lead to other field equations 
which are not considered in this paper. In this section the generalized matter field equation of a fermionic field will 
be considered whereas in the next section will be considered the generalized Einstein field equation describing the 
dynamics of the gravitational field itself which are both obtained by performing the procedure mentioned above. The 
action of a fermionic matter field on curved space-time which is thus coupled to the gravitational field reads 



SmIc] = / d^x det [e^J i^T'^e^™ d^ + -uj^'M^ab ^, 



(41) 



where the 7™ denote the Dirac matrices, ip — -0^7° and the E0& = — | [7a, 76] denote the generators of the Lorentz 
group fulfilling [Eab, ^cd] = Vbc^ad - Vac^bd + Vbd^ca - Tjad^cb- The Spin connection a;^''[e] depends on the tetrad field 
e™ in the following way: 



f[e]^2e''^'^d^A+e,,e^'^e'^''d[,ely 



(42) 



Remark that the brackets denote antisymmetrization meaning that [ah] = ah ~ ha. Replacing the usual tetrad field 
by the tetrad field operator obeying (|12|) . e^ — > e^, within (|41|) leads to the following action: 



S'n/H -^ SkM 



d^x det [e^] z^7'"e^ d, + -^^^[e]I],fc ^ 



(43) 



The corresponding field equation containing the tetrad field operator e^^ is obtained by varying the resulting action 
with respect to the matter field. Building of the expectation value by using coherent states (P^ leads then to the 
generalized Dirac equation on curved space-time containing the usual tetrad field e^. 



i^\^l^ = OlvP) ^ (vpl^i^^^lv,) . 0. 



5iP 



'det I 



Sip 



(44) 



After concrete variation of the matter action on curved space-time depending on the tetrad field operator e^ obtained 
in ((33]) with respect to ip (jH]) reads 



(vl/|z7'"er„ a^ + -a;r[e]Sa6W'|*)=0 



(45) 



and inserting the explicit term of the spin connection (|42p transformed to the corresponding expression depending on 
the tetrad field operator e^ leads to 



(*N7"e^. 



\ {^^"''d.^e'^, 



^/J.C^ G 



d[<jK]] ^ab 



V'l*) =0. 



(46) 



To be able to treat the calculation the exact expression of (l46l) will not be considered, but a series expansion of the 
tetrad field operator e!^ around JJ^ instead will be considered as it has been introduced in p^ and (|14p . As usual 
such a series expansion makes sense, if the perturbation h!^ of the classical expansion, e^ = ^m + ^m, which becomes 
an operator after postulating (|12p is assumed to be very small. After the transition this relation looks as described by 
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((T3)) . e^ = 51^1 + hl;^, where /i^ fulfils according to (IT4l) the same algebra as e^. Concerning the further calculation 
there will be referred to the operators and states defined with respect to the expansion h!^ in ([BT]) . ([32 ]) . ([33]) and ([29|) 
which are mathematically of course isomorphic to the operators and states defined with respect to e!^^. In particular, 
a calculation to the third order in the expansion operator /i^ will be considered, since in case of the generalized 
Einstein field equation considered in the next section the terms of the first and second order do not differ from the 
usual case which means that they yield no additional terms. Accordingly the expectation value of the equation can 
be expressed as follows: 



($1^7™ [^™(/i°) + D^{h^) + D,Jh^) + An(/i')] V-l*) + O (/i*) ^ 



(47) 



where Dm{h^) describes the term of the covariant derivative which does not depend on the perturbation of the tetrad 
field operator /i^ and Dm{n), Dm{h^) and Dm{n) describe the terms of the covariant derivative to the first, second 
and third order in h!^. Accordingly Z?m(/i°), Dm{h^), Dm{h'^) and Dm{h^) are defined as 



Dr 



{h') = a„ 



D^.(h^] = k^d^ 



25'^['^9r™Afl + dH'i}, 



^abi 



Dr 



m 



2h''^-d[^h''j^ + K„cS''^6''''d[^hl^ + S„,ch''^S^''d[/hl^ + S^ncS^^h-'d^Jl^ 



-h',n{26''^''dl,h''^^+d^''h';^ 



■^ab: 



Dm h^] = - 



h„,ch'"'S^'d[,hl^ + kr^cS'^^h'^'d^Jl^ + S„,,h'"'h^''d[,hl^ 



■b] 



+K^ {2h''^^d[X^ + v^'^-^" a[>^] + s^ch'^'S'^'di^K^ + s^j-'^h'^'di^K^ 



^ab- 



(48) 



The expectation value of the term i^™D„i (hP]ip can of course be given directly without a long calculation, since it 
does not contain the operator h!^, 



($1*7™ A. (/i°) m) = ($|i7"a™VI$) = *7"5„V- 



(49) 



To calculate the expectation values of the other terms it is necessary to treat the commutator of derivatives of E!^ or 
H^ respectively, since these terms contain such derivatives. These commutators can be calculated as follows: 



dpE^:^ix),d,K^iy) 



Ei^{x),KHy) 



{iV^'SmnSix - y)] 



_d d_ 

dxPdjf 

_d d_ 

dxP dy" 

d d 

dxP ^ ^'dy'' 



iV^^SmnSix - y) 



_d d_ 

dxP dy" ' 



(50) 



where in the second step of ([50]) has been used (PT|) and in the forth and the fifth step has been used a special property 
of the delta function: 



d X f{x)dfj,S{x — a) = — d x S{x — a)d^f{x). 
From (|50p one can easily see that the following commutation relations are valid as well: 



(51) 



d,E>^{x),K\y) 



-iV^'' 5rnn5{x - y)—^ 



dpd„Eii,{x),E:Xy) - iT^^'-S^^Jix-y) 



_d d_ 

dxP dx" 
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Eii,ix)^d,KHy) 



-ir'"'6,nnSix-y) — , 



^^(x), dpd^KHy) - iV^-Sr^nSix - y) 



_d d_ 

dyP dy° 



(52) 



And of course this implies that accordingly also the corresponding commutation relations containing derivatives with 
respect to H^ are valid, 



dpHi^,{x),d,H!;,^iy) = tT'^''S,nnS{x-y) 



dpHi^ix),K\y) 



_d d_ 

dxP dy" 
d 



-^T^'^S^nSix-y)— , [Hi^{x),dpK^iy) 



-iV^^SmnSix-y) — , 



dpd.H,^^{x),Hi'J{y) = iT^-'SmnSix-y) 



_d d_ 

dxP dx° 



Hi'^{x),dpd,H!;J{y) = ir^-'SrnnSi^ - y) 



_d d_ 

dyP dy° 



,(53) 



From ([5n|) . (|52l) and ([55]) it becomes clear that the commutator between derivatives of Ef^ and Ejj^ as well as Hf^ and if t 
vanishes, if the expression where the commutator appears contains no further field factors. Within the applications of 
the commutation relations within the calculation of the generalized actions below the delta functions do not appear 
explicitly. If there appear several derivatives, they refer to the same variable, since there always appear pointwise 
products of fields. This has already been the case concerning the calculation of the volume element (1551) . ([M]) . (140 p . 
Besides the importance of the commutation relations ([50 | . (l52|) and (|53)) which contain derivatives it is further decisive 
that the application of derivatives of the operators E^^ or Rp^ to a coherent state, |^) or |$), yields the derivative of 
the corresponding eigenvalue which means that 



The validity of the identities ([M| can be shown as follows: 



im^Hii^ = ($i9.i/r 



(54) 



d,Ei^{x)\^ix)) = hm ^"'^^ + 'I ^"('^) Mx)) ^ hm ^"^^ + '\ ^"^^^ \^{x)) = a.i;^(^)|^(x)), (55) 

where has been used in the second step that limj^^o \^{x + e)) = |^(a;)) and therefore lime^o^m(^ + ^)l^(^)) — 
lim,_>o An (a; + e)|*(x + e)) = lime_^o Ep^x + e)|*(x + e)) = lim^^o Ep^x + e)|*(a;)). To calculate the expectation 
values of the expressions i^™I)„i ih^jip^ ^T^-Dm [h^jtp and i^™-Dm [h^] V' defined through ([35]), the operator hP^ 

within the expressions (|15)) has to be replaced by Rp^ and Rp^ due to pil) , then the permutation has to be performed 
by using the commutation relations ([5^ and after this the operators can be applied to the coherent state 1$). For 

the expression i^"^I)m (h^j^p defined through (|15)) the commutation relations ([55)) are not necessary, since there only 
appear linear expressions and therefore i^"^D,n [h^j "ip yields no additional terms compared with the classical case. 



{^^l"'Dr 



{h') Vl$) 



= ($N7'M ^>'^A + 2 



'2S-'^''di„:h';l + dHi 



^ab>^m 



= {^\^r'i{HP^ + HP}^^, + - 



25' 



■[" (a[,„ii3 + a[,„^3t) + [d^'Hi + d^'H';i^)] s..| vi<J> 



($|»7™ \ h'^rad, + 2 



2^'^i"ar„;i!'i + dHi 



SahUl*) 



Z7" h^^^d. + 



2<5''["9r„/l!'l + d^'hi 



^ab ?^ 



(56) 



In the second step of ([55]) has of course been used ([51)1 . The expectation value of 17™!?™ [h^j i^ defined through ([15)) 
is calculated in the following way: 
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($ 



+h^^ (25^[«9[^/it] +^"^".01 ^^-^t"^!*) 



ct 



Ht + ffffj 






where has been defined: xZl ~ — 2^"''^abi' ■ In the last step ol ((57)) has been used the following identity: 



(57) 



H^dpH: + dpH^^H^ + i^r^^P^" + ^m"^^p^"^ - *r^.<5""ap) /(x)|$) 
{H";dpH: + dpH:*H;^ + H;^*dpH: + H";*dpH:* - zr^,<5'»"9p) /(a;)|$) 
(i/™ + i/™*) (9pi/," + dpHT) fix) - iT^J"^-dpf{xm 






(58) 



where has been used ([55)1 and /(a;) denotes an arbitrary field. The expectation value of ij"^Dm (h^j^p defined through 
can be calculated in the following way: 



($|i7"An (h^) i^\<^) = ($1^ [h^ch^^S^'dl^K^ + h^,5-"'h''''d[„K^ + Srnch'"'h''''d[,hl^ 



H„ 



hL) s 



fjab ^ ^.bt) (^aj^^c ^ g^^^ct^ ^ g^^^ ^fj.a ^ ^.at^ (^^.6 + ^.fcf) (^Q^^^c^ + a^^^-t 






2(^.[a^^.[at)(aj^^fc]+aj^^m 



H„ 



ijt ) ^-J-" (d,,Hf, + 5r,H^ 



cf 






h^^h'^^'^d^.h'^xab ^^'''6\'^A,h\xab - ^d^, (h^^'-xZ) K/1 ~ A, iKnXZb) n/"'^ 



j^g-^aga 



+Suc5''' 



+S^J'"' 






(59) 
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In the last step of ([59)) has been used the following identity: 

m (^; + Hf) (hi + H'j) [d^H;^ + d^Hf) f{xm 

+H:^H%H;; + HfH%Hf + H^^Ht^d^H^ + Hl^Hl^d^Hf] f{x)\^ 



m 



H^ H^ da Hp + da Hf H^ H^ + H^, da Hf 



H. 



K 



+H'jHldam+\Hl,Hl^ 



dpU; + Ht^daHfH^ + Hl^ 



HldaH;^ 



H^,daHp'' 



h;,h'j 



daHf 



+H;^HldaH; + Hl^daHfHl + H;^ [Ht^daHf] + H^^^Hl^daHl + H^^H'JdaHf] I{x)\^) 

($1 [^HldaH'^pfix) + dalipH-^Htfix) - ir,,pS--da (Hlf{x)) - iV^pS'^da [hIJ {x)) 



+H'jHpaH-pf{x) ~ iT^J-'daH-pfix) + H'JdaHfH-^fix) - iT^pS-^da (hIU{x)) ~ tT^J-'daHffix) 
+H^jH%H;f{x) + H^^daH^^Hlfix) - iT^^S'^da [h;^ I{x)) + H^^ H^^ daH^fix) + Hl^^ hI^ daH';} f{x)\ |$) 

= ($1 {H^H^daH^pfix) + daH^*H;Htf{x) + Ht*H^daH^pfix) + Hl*daH';Hlf{x) 
+H;*HtdaH'pf{x) + H-^*daH;*Htf{x) + Hl*Hl*daH;f{x) + H-^*Ht*daH-;f{x) 

-iT^J""' [daH'p + daH;*] fix) - *r^p5- [da {Hi fix)) + da {HI* f {x))] 
^lV,p5'^ [da (H^.fix)) + da {H^,*fix))] } 1$) 

= hlhldah'^pfix) - iT^J^'dah-pfix) - iT^pS^^da [h^ f ix)] - tV^pS^'^da [/^^/(a;)] , (60) 

where has been used ([5^ again and from which can be seen directly that it also holds 

($1 [h;: + Hf) (daHl + daHl^) (dxH^p + dxHf) /(x)|<J>) 

= h^dahldxh'^pfix) + iTp^S-'^da [dxh'^pfix)] + iV„6''-dx [dahlfix)] + iV^pS^'^dadx [hlfix)] , (61) 

what will be become important concerning the derivation of the generalized Einstein field equation in the next section. 
Thus the generalized matter field equation to the third order in /i{^ is given by (|47p with the concrete expressions for 
the expectation values calculated in P^ . ([55)1 . ([57)) and ([5^ . 

VII. GENERALIZED EINSTEIN FIELD EQUATION 

In the last section has been derived the expectation value of the matter field equation referring to a fermionic field 
containing the tetrad field operator e(^ which is nothing else than a generalized Dirac equation on curved space-time. 
In this section there will be considered the generalized dynamics of the gravitational field itself which is usually 
described by the Einstein field equation. In accordance with the above derivation of the generalized matter field 
equation the Einstein-Hilbert action with the tetrad field replaced by the tetrad field operator has to be considered 
to obtain the correct generalized Einstein field equation. The usual Einstein-Hilbert action expressed by the tetrad 
field etL reads 



SehIc] = J d'x det KJ e^efc^i?;tN, 
where the Riemann tensor R°fl is expressed by the spin connection a;"'' as follows: 



(62) 



R;l[e] = 9,c.f [e] - d^L.^'ie] + <[e]c.f [e] 



^rN<[e] 



(63) 

the spin connection w°^[e] depends on the tetrad field e^ according to ([42p and therefore inserting the corresponding 
expression for the spin connection ()42p to the Riemann tensor ()63p yields the following expression for the Riemann 
tensor in dependence on the tetrad field e^: 
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(64) 



To obtain the dynamics of the generahzed theory analogue to the matter action the transition e^J^ -^ e^j has to be 
performed with respect to the Einstein- Hilbert action (p^ . 



SehM ^ SEH[e] - I d^x det [e^] e^:;;i?^t[ 



(65) 



The obtained action Seh\g] has to be varied with respect to e}^ to derive the corresponding Einstein field equation 
containing the tetrad field operator e^. The generalized Einstein field equation containing the usual tetrad field 
e^ can then be inferred by building the expectation value of this equation in complete analogy to the case of the 
derivation of the generalized matter field equation, 



(*l^^ = 0|*)^(vl.| 



■^^Mivp) = ^ mG'-.im) = {mi[e] - \RWim = 0, (66) 



where has been used the definition of the generalized Einstein tensor: G^Je] — -R°[e] — ii?[e]e". (|66)) describes the 
expectation value of the Einstein field equation of the free gravitational field expressed in terms of the tetrad field 
operator e^ . To obtain the expectation value of the Einstein field equation containing the tetrad field operator in the 
presence of matter the generalized matter action obtained in (|43p for example has to be included leading to 




*) = ^ ime-^RfAe] - -e^e?i?^^p[e]e^|*) = -8vrG(*|f;[e]|vI/) 



^ (*|G^[e]|*) = (vl/|i?-[e] - -R[e]e;\^) = -87rG(vI/|T;[e]|*) 



(67) 



where have been used the definitions of the generalized Ricci tensor, i?° = ej^i?°^, and the generalized Ricci scalar, 
R = ej^ej^i?"^, as well as the definition of the energy momentum tensor transferred to the definition of the generalized 



energy momentum tensor depending on the tetrad field operator e^, 



^^'^ det[e^^] Seii ' 



(68) 



where the matter action Sm [e] depending on the tetrad field operator e^j is defined according to (|43p for example, if 
the matter field is a fermionic field. To calculate the concrete expression of the expectation value of the generalized 
Einstein field equation (1571) . again a series expansion according to p^ has to be performed, e^ = 5,^1 + h!^, leading 
to an expectation value of the Einstein field equation containing the tetrad field operator which is of the following 
shape: 



MGl[h^] + G"[/i'] + Gl[h-^]\<^) +0[h''] = -87rG($|r"[/i, h',h-^]\^) +0[h''], 



(69) 



where G°j^[h^], G"[/i^] and G°[/i'^] denote the expressions of the Einstein tensor depending linear, quadratic and to 

the third power on hl^ and have the following shape, where /i O z/ denotes the term in the bracket with the indices 
/i and V exchanged: 



G^,[h'] 



a^(2j*a[,/i3+5[^/i^i)-/x 



^& 



db (2J"[''9[c/ij] + 9''^c' 



b -H- c 



6" 



(70) 
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G«[/i2] 






+K 
1 
^2 



a^(2j*a[,/iJi+9[''/i^i)-Aif^i/' 



a^ (2/l^[^9[,/l^l + /l.e^J^'-J'^^I^A] + ^ce/i^'5-=a[,/l^] + 5,e5^'/i"=9[>A] 



-45^[^ar./i3,5^['^ar>^i + 25^[^ar,/i35[^/i? + 2d^''hf5^^''d,:hi + ai'^/i'iai^/i? - b 



^[b'l'rf ' '^[c"a] + ^" ' '^[fe'V]'^' "c' + ^<^' 'V" ' '^[c"a] + "' "-b <^' "-"' - O C 



(5° 



1 
^2 



- t^ O c 






'52 - tt/^c 
M 2 '^ 



dbh5''^''d[ph''J^+d^^h';j)-b^p 



^l 






(71) 



+25p^''d[^h'^^d^''h''J + 2a[^/i;ii(5^[^a[>^i + d^''h';jdH''J -ii^v 

+2h''^'d[bh^J^d^'hi^ + 2heS'''>S^''d[xhl^S^^%,h'^^ + 2Sbeh'''S^''d[^K^S'^^^d[,h'^^ + 25beS''''h^''d[^hl^d^^%h''^^ 
+29[^/i;;l/i«['^a[,/i^l + 26''^'d[bK\h,fS--^5--d[rhi^ + 2S^^'d[bh''J^S,fh^''5^^d[rhi^ + 2S-^'d[bh^J^S,f6''''h-'d[rhi] 

-hi [d, (2/l-[''a[,/i:;l +/lce<5"''^^^5[A/l^] +<5ce/l"''^^^a[A/l^] +<5ee<5"'/i^^5[A/l^]) + ^5''^'' d^^h^y^" O^Jl'^^ 

+25''^^dy,h'^}^d''^h'^} + 29[''/itl<5"['^9[e/jf] + d'^'^h^^d^i} -u^Ad^ 
+25''^^d[bh'^^d^''hf + 2a[''/i|;l,5'=[''9[p^jj + d^'^h''Jd^''hf -b^ p\s; 

db (2h-^'d[,h'^^+h,J-'S^'d[xK]+S,eh^''S^'d[xK]+6ceS'''h^'d[^^^^^^^ 



1 

2 

1 



'V 



-/is:/i? 



--/is; 






P 2 " 



db (25^^'d^ph''}, + d^^h''}) -b^p 



h°- 






(72) 



Within the expressions ((70)) . (|7ip and (|72t the Kronecker symbols have only been contracted, where this contraction 
has improved the representation. The expectation values of the terms of the Einstein tensor which are linear in ft,^ 
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and quadratic in hlf^ yield no additional terms arising from the noncommutativity of the tetrad field. This means that 
it holds 



$|G™[/i^]|<I>)=G;rM , ($|G™[/i1|$) = G™[ft1 



(73) 



In case of the term G™[/i^] this is obvious, since no permutation of HJ^ and H™''' has to be performed. In case of 

G™[/i^] this property arises from the fact that there exist only terms which contain derivatives of hl^'^ or HJ^ and 
according to ()53p the commutators lead to derivatives acting on the other factors of the corresponding term. Since 
these terms contain no further fields on the one hand and they are just quadratic in _ff™ on the other hand, the 
commutators vanish. From (j58p one can also see that there arise no additional terms from the expressions quadratic 
in ft,^, if there appear no further field factors. The expectation value of the term of the Einstein tensor depending on 
/i^ to the third order, G™[/i'^], yields additional terms depending on the noncommutativity parameter. To calculate 
the expectation value the identities ([SO]! and (|5T|) have to be used. This leads to the following expression: 



($|G;[A3]|$) = [d, (<5-^s;Vm +^'"^2/Vm +<5,,S'^''%^]) +4<5^[^f7['^^l''l'' 



[Mp][bA] 



2fi 



_j_2^pa^.c^A[c^ db] ^ 2S,dS^'6^^'n'''"'^'„„,,, + 2d,d6P^d^^^n''"'^' 



+ sp^'S'^'^n, 



[ac] p [be] 
b [pp] 

[be] 






n. 



[ab]^ p 



A, ..r..., +0 \Lm ^,u[ap]+'^ ^bd up[ap]+0'^dO i^,, p[ap]+'^yd6 A^ ^j^^j 



[ah]i'p 
■'6 p[up] 



"b fi [up] 

~2 I V •= ^ ' 



[A.] +^^"2^.^] +5eeS''-V.l +4'5^''^^"'''^'^[HM 



c [bcr] 



^2S''bS^dgK.[d^ ec] 



2dbeS^''d^^''n''"'^'',. 



2SbeS"''6^^'^n'''"''^), 



rabrAdo <^ 



b[\a][cK]^ ^""beO "')''-' ^^ ' [Act] M + ^"be^" " ° """" ' [Act] [ck] + '^'^ '^ ^e cfc[ACT 
^'-- c [Ao-J "•-- c [Xa\ [ba-\ [ck\ b [ck,\ 

2^'^[b^'''i^^cf^<i] / +26''^^6cfS''''Q'^^'^i ,^, ,+26''^^6af5'"^n'^^''^,,^, , 



[cd] 



I rfcdcTcri /[''''] I .s- XTcrS df[db]K r rfcdrS c/[dh]T , 






2n 



[bc]u (7 

b V [ccrl 



2A 



[bc]l^CT 



v[ccr] 



+ " " "te vc[\a] + C C A 



+ (5,e<5^^r!,'"='',/,,„, + (5ee<5^^A 



Ac A beua 



be cu[\cr] "^ "ce" "(, ^ [;s,o-] T" "ce 



iy[ACT] 



+^ce5^'f^r''/[ACT] +'5ce<5^''A,-''\[,,] +4<5-[''<5-['^f^ft'^l^l;^,(^^, + 2<5-[''f^ft'^l;;^^/^ 



-26''^'^a "i''['"'i 



f)jy 



f^. 



[ck] ^^ fJi^c 



iy[db][cd] 



- i^ O C 



-5^ 



2n}'''^\",„„, + 2A}''^^''\,„^,+5'''s'^nj'',„,,„,+s^''s^^Aj^„,,,„,+Spj'^n:^^^^^^^ 



b [pa] 



b[pa 



ce 6p[Act] 



ce p6[Act] ^ "Pe" ^'c 6 [Act] ^ "P^i- 



b[ACT] 
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(74) 



where the quantities S^^ 



:; \abc \abc 



ryabc r^abc 

' pXi/ap") Xpuap 



and il Xnaup ^^^ defined as follows: 
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^abc 



^"'^ x^.ap = dxh'^^hld^h';, + ir^j''''dxd,h'p + iT^pS'^^dxd^hl + tT^pS'^dxd^h';^, 

n"'' x^.a.p = dxh'^pdXK + tT^j-'Oxd^h';, + tTpp6^-dxd„hl + ir^pS'^dxd^h';^. (75) 



This means that the generalized Einstein field equation has been calculated which is given by ((69|) with ([731) and 
thus ([70| and ((7T|) transformed to the corresponding expressions depending on the usual expansion field ft.^j and (|74p . 
Accordingly generalized dynamics for the matter field coupled to gravity and for the gravitational field itself have 
been derived by building expectation values of the corresponding matter field equation and the Einstein field equation 
containing the tetrad field operator e^ with respect to coherent states referring to creation and annihilation operators 
being built from the components of the tetrad field operator e^. There appear imaginary components within the 
expectation values of the field equations of the matter and the gravitational field. This is because the expressions 
within the field equations in terms of the tetrad field operator are not hermitian, although the tetrad field operator 
is hermitian, since a function of hermitian operators is not always hermitian as well. This means that the field 
equations contain two independent conditions on the dynamical evolution of the matter field and the gravitational 
field respectively being related to the real and the imaginary component. 

VIII. SUMMARY AND DISCUSSION 

It has been suggested a noncommutativity algebra for the components of the tetrad field describing the gravitational 
field which behaves thus as an operator. This algebra corresponds to the algebra of the canonical case of usual 
noncommutative geometry referring to the components of the space-time coordinate. The relation between the usual 
quantization in quantum mechanics where is postulated a nonvanishing commutator between position and momentum 
and the concept of noncommutative geometry where are postulated nonvanishing commutation relations between the 
components of the position vector corresponds to the relation between canonical quantization of general relativity 
and the noncommutativity of the tetrad field which has been presented in this paper. This is because canonical 
quantization of general relativity postulates nonvanishing commutation relations between the quantity describing 
the gravitational field and its canonical conjugated momentum and in the approach of this paper are postulated 
nonvanishing commutation relations between the components of the quantity describing the gravitational field. In 
this sense the concept of a description of general relativity with a noncommutative tetrad field as it is treated in this 
paper could be considered as the consequence of an additional aspect of a fundamental quantum theory of gravity 
with respect to a kind of semiclassical description of general relativity. 

To describe the consequences of the noncommutativity of the tetrad field for the description of general relativity it 
has been necessary to transfer the coherent state approach to noncommutative geometry to the case of noncommuting 
components of the tetrad field and thus to the case of noncommuting field components. The necessity to use the 
coherent state approach has its origin in the fact that in the star product approach there are treated fields depending 
on noncommutative coordinates and therefore in this case it is possible to use a Weyl quantization which is a kind of 
Fourier transformation between commuting and noncommuting coordinates. After the Weyl quantization products of 
fields depending on the noncommutative coordinates are expressed by a sum of products of these fields depending on 
the usual coordinates and in this way the generalization of a field theory depending on noncommutative coordinates can 
be expressed by additional products depending on the noncommutativity parameter. But in the scenario considered 
in this paper the components of a field themselves, namely of the gravitational field represented as tetrad field, 
do not commute and therefore a Weyl quantization cannot be performed. In the coherent state approach there 
are defined new expressions for the quantities depending on the noncommutative coordinates as expectation values 
between coherent states which are defined with respect to operators constructed from the components of the space- 
time coordinate. This procedure can be applied to coordinates as well as to fields. Therefore the coherent state 
approach has been transferred to the tetrad field in this paper and accordingly the generalized quantities of general 
relativity depending on the noncommutative tetrad field are defined as expectation values between coherent states 
which are defined with respect to operators constructed from the components of the tetrad field operator. Based on 
this concept the expectation value of the resulting operator of the metric field and of the volume element operator 
have been calculated as examples. After this the generalized dynamics of a matter field coupled to gravity have been 
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determined, a fermionic field especially, and the generalized dynamics of the gravitational field itself. These dynamics 
were obtained by replacing the usual tetrad field by the corresponding tetrad field operator within the actions of the 
fermionic field coupled to gravity and the Einstein-Hilbert action describing the dynamics of the gravitational field, 
varying these actions by the tetrad field operator and then building the expectation values between the coherent states. 
Since the expressions in an exact calculation would become very large, an expansion of the gravitational field around 
the Minkowski metric or the corresponding Kronecker symbol describing the corresponding tetrad field respectively 
was used and a calculation to the third order in the expansion field was performed, since the terms to the first and 
second order do not lead to a modification of the expressions in case of the Einstein field equation. 

The deviation terms of the field equations, which of course depend on the tensor A'^" defining the noncommutativity 
algebra of the terad fields, are of lower order in /i^ than the terms from which they arise. Since they are obtained from 
the commutator of the tetrad field being proportional to A'^'^ the power is two orders lower. In case of the free Einstein 
equation this means that the deviation terms are of first order in hl^^ and this implies that even in case of a small A**" 
for a very small perturbation of the gravitational field the deviation terms yield a bigger contribution than the usual 
terms to the second and third order in h!^. Thus in the generalized Einstein equation it seems to be advantageous to 
consider only the terms to the first order in h!^ concerning the treatment of further investigations of the theory like 
the solution of the field equations for the matter field and the gravitational field or the derivation of a propagator. It 
would be interesting to explore the possible relation between the presented theory and the canonical quantization of 
general relativity. Noncommutativity relations between coordinates can be derived as a consequence of a generalized 
uncertainty relation between position and momentum in quantum mechanics. Analogously it could make sense to 
postulate a generalized quantinzation rule for the gravitational field and its canonical conjugated momentum and to 
derive the noncommutativity of the tetrad field from such a generalized quantum description of the gravitational field. 
Acknowledgement: I would like to thank the Messer Stiftung for financial support and Piero Nicolini for fruitful 
discussions. 
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